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Abstract 

We consider some conditions under which a smooth projective variety 
X is actually the projective space. We also extend to the case of positive 
characteristic some results in the theory of vector bundle adjunction. We 
use methods and techniques of the so called Mori theory, in particular the 
study of rational curves on projective manifolds. 
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1 Introduction 

Let X be a smooth projective variety of dimension n, defined over an alge- 
braically closed field k; we denote by TX its tangent bundle and by Kx — 
—det(TX) its canonical bundle. 

A natural problem is to find simple conditions under which the manifold X 
is actually the projective space P™. A very famous one is given by the following 
theorem of S. Mori (see |12j). 

Theorem. X is the projective space if and only if TX is ample. 

In the last year it has been generalized, over the field of complex number, in 
the following two directions. 

Theorem (see jH] and |10p. (k = C). X is the projective space if and only if 
—Kx'C > (n + 1) for any curve C C X . 

Theorem (see 0). (k = C). X is the projective space if and only if there 
exists an ample subsheaf E C TX. Of course we then have that E = TP™ or 

E = ® r O P n(l). 

The actual proofs of the last two theorems are valid only in the case k = C, 
although they may be valid even in positive characteristic. In the positive 
characteristic case we have the following. 

Theorem (see [HI). Let H be an ample line bundle on X. Then either Kx + 
(n — 1)H is nef or the pair (X, H) is one of the following: X = P™ and H is a 
hyperplane section, X is a quadric Q C p( n+1 ) and H is a hyperplane section, 
X is the projectivization of a rank n vector bundle over a smooth curve A and 
H is the tautological bundle. 
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The aim of this note is to give some other simple characterizations of pro- 
jective space (or even of quadrics and scrolls) which are slight generalizations 
of the above theorems. 

First of all we have the following more general form of the theorem in |2] (to 
obtain it consider p> to be the constant map). 

Theorem 1 (k = C). Let tp : X — > Y be a surjective map to a normal 
projective variety Y of lower dimension (i.e. m :— dimY < n) and let T x /y 
denote the relative tangent bundle. 

i) If T x /y contains an ample vector bundle E then X = P", dimY — and 
E = TP n or E = © r P ~(l). 

ii) If ip is equidimensional and smooth and Tx/y contains a ip-ample vector 
bundle E then ip : X — > Y is a scroll, i.e. X is the projectivization of a rank 
n — m + 1 vector bundle over Y . 

Part i) of the above theorem solves the problem 4.4 in |14|. 

As for the theorem proved in [S], we can state a more general version using 
a vector bundle instead of a line bundle (to get the above quoted version one 
simply takes E = ® r H). 

Theorem 2 Let E be an ample vector bundle on X of rank r. 

i) Ifr>n then K x + detE is nef unless X = P" and E = ffi n P »(l) 

ii) If r = n — 1 then either Kx + detE is nef or the pair (X,E) is one of the 
following: 

a) X = P n andE = C P n(2) © (® n ' 2 0^ (1)) , 

b) X = P n and E = ® n - 1 0-pn{l), 

c) X is a quadric Q C p( n+1 ) and E = ©""^(l), 

d ) X is the projectivization of a rank n vector bundle over a smooth curve A, 
ip:X — > A, and E = p*(v?*(J5(-l))) <g> 0(1). 

Under the additional hypothesis that E is spanned by global sections (part 
of) the theorem has been proved in |15| : it has been proved in the case k = C 

in nnj. 

In the last section we state a natural conjecture, which is true if k = C, and, 
as a test, we prove an easy consequence of it. 

I would like to thank the referee for pointing out many inaccuracies in the 
first version of the paper. 



2 Proofs 

In this section we prove the theorems stated in the introduction. Our notation 
is consistent with the standard in use in algebraic geometry in particular with 
the one used in the book to which we frequently refer the reader. 
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Proof (of Theorem ^ P ar t i). We have to prove that dimY = 0, then the 
theorem follows from the theorem in let us then assume by contradiction 
that m := dimY > 0. 

Take the scheme theoretic intersection of m — 1 general sections of a line 
bundle on X which is the pull back of a very ample line bundle on Y; call it X' 
and call ip' and Y' the restriction of ip to X' and its image respectively. Note 
that dimY' = 1 and that, by Bertini' s theorem, X' and Y' are smooth. Thus 
(p' : X' — ► Y' is equidimensional and moreover ip' is a map as in the theorem, 
namely T X ' ly contains an ample vector bundle E' := Ex> Let F be the general 
fiber of this map. By the fact that T x >/y'\ f = Tp and by the theorem in [2], 

F is isomorphic to P(" ~ x \ n' — dimX'. Thus, by Fuijta's characterization of 
scrolls, 0] lemma (2.12), ip' is a P^™ _1 )-bundle. This is a contradiction with 
Lemma (1.2) of 3 (which says exactly that there is no ample subbundle of the 
relative tangent bundle of a P-bundle). 

Proof (of Theorem ^ part ii). The proof is by induction on m := dimY. If 
m = then this is the theorem in [3J. Let us assume that the theorem is 
true for m — 1. Then the locus of points in Y over which the fiber is not P' , 
call it D, is discrete. In fact, take a general very ample divisor A of Y and 
let X' = (p _1 (A) — ► A; this map is by induction a P r -bundle and therefore 
D C Y \ A. Thus we can apply Lemma (3.3) of to have an ample line bundle 
on X whose restriction to a general fiber is 0(1). The theorem follows from the 
Fuijta characterization of scrolls, 0] lemma (2.12). 

Proof (of Theorem|21 part i)). Let r > n and assume that Kx + detE is not nef. 
Then, by the Mori cone theorem, there exists a rational curve / : P 1 — ► C C X 
such that 

(K x +detE)-C< 0, -K X C < (n + 1); 

moreover for every rational curve C, by the ampleness of E, we have that 
detE C > rank(E)(= r > n). These inequalities actually imply 

-K x 'C=(n+l), detEC = r = n. 

Let V C Hom(P 1 , X) be a closed irreducible component containing / (see [TT] 
for this and the subsequent definitions). Since detE C = r and E is ample, V 
is actually an unsplit family of rational curve (see |11|. definition IV 2.1). 

Let G P 1 be a point, x = /(0) and V x :=Vf] £/om(P\ X, Ohj). Then 
dimfV x > —K X 'C = (n + 1) (see ^T], II. 1) and therefore the locus of the curve 
in V x covers all of X, i.e. Locus(V x ) = X (note that to go from homomorphisms 
to curves, i.e. from Horn to Chow, we have to quotient out by Aut^ 1 , 0) which 
has dimension 2). 

In particular this means that X is rationally chain connected with respect 
to the family V, i.e. for every two points on X there is a chain of rational 
curves parameterized by morphisms from V which joins these two points (we 
have actually proved that X is rationally connected with respect to the family 
V, i.e. for every two points on X there is a rational curves parameterized by 
morphisms from V which joins them). 
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These varieties have many nice properties, here and later on we will use 
the one described in the Proposition IV. 3. 13. 3 of Namely it says that 

Ax(X)q = Ai(X)z ®z Q is generated by the irreducible components of fibers 
of the universal family of V (we refer to the section II. 4.1 of for the precise 
definition of Ai(X)z, respectively of Bx(X)z or of Ni(X)z, the quotient of 
the group of 1-cycles by the subgroup of 1-cycles rationally, respectively alge- 
braically or numerically, equivalent to the zero cycle). 

Since V is an unsplit family this implies that the fibers of the universal family 
of V are irreducible and moreover that they are all algebraically equivalent; 
therefore Bi(X)q = Q. Since Ni(X)z is a quotient of Bi(X)z, we have that 
p{X) =: dimNx(X) R = 1. 

Let H := — (Kx + detE). Since H C = 1, H is an ample line bundle and 
Kx + nH is not nef. Thus we can apply the theorem in [S] to the pair (X, H) to 
get X — P™. The description of E follows from the characterization of uniform 
vector bundles on P™, see 0. 

Proof (of Thcorem|21 part ii)) Let r = n — 1 and assume that Kx +detE is not 
nef. Then, by the Mori cone theorem, there exists a rational curve / : P 1 — > 
C C X such that 

(K x + detE)-C < 0, -K X C < (n + V), detEC > r = n - 1. 

These inequalities imply the following two possibilities: 

1) -K x C = n, detEC = n-l, 

2) -K X C= (n + 1), detEC = n or (n-1) 

Let V C HomiV 1 , X) be a closed irreducible component containing / and 
let H := —(Kx + detE). Note that in both cases the family V is unsplit. 

In the first case we will adapt the proof of [Hj ■ Namely through every x 6 X 
we have an unsplit family of rational curves, associated to V x , of dimension at 
least (n — 2). If there is an x such that these curves cover all X, then as in the 
proof of part i), we obtain that X = P™ and thus we get to a contradiction. 

Thus we can assume that for every x the curves {f t (P 1 ) : f t £ V x } sweep 
out a divisor B x . These divisors form an algebraic family for i in a suitable 
open set X° C X. 

If for any x%, x% £l we have B Xl n B X2 ^ 0, then any two points of X are 
connected by a chain of length 2 of the form Ct 1 H Ct 2 , with Ct in the family 
V. We can apply again the Proposition IV. 3. 13. 3 of and we have p(X) = 1. 
Therefore H is ample and Kx + (n — 1)H is not nef; thus we can apply the 
theorem in [H] to the pair (X, H) to get that X is a quadric. The description of 
E follows easily from the fact that E\ = ©™ _1 0(1) for all lines on the quadric. 

If for general iij^Slwe have B Xl n B X2 = then one can apply exactly 
the same argument of the last point (point 13) of the proof in Namely it 
can be seen that the algebraic family of divisors B x determines a morphism 
p : X — ► A to a smooth curve A and that this is actually a P^™ _1 ^-bundle. 
Note that we will use the line bundle H which is a priori not ample in our case, 
but it is ample on a general fiber Y of the map p since p(Y) = 1 (again by the 
Proposition IV. 3. 13.3 of [TI], since Y is rationally connected with respect to the 
family V). The given description of E follows easily since Ey = 0" _1 0(1). 
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Let us then consider the second case. For every x £ X the family V x is of 
dimension (n + 1). Then the locus of the curve in V x covers all of X and as 
above, by the the Proposition IV. 3. 13. 3 of ^J, we have that p(X) = 1. 

If detEC = n then H.C = 1; therefore H is ample and Kx + (n + 1)H is 
not nef. The theorem in 8 applies (or apply the part i)) and we obtain that 
X = P". Moreover E = 0(2) © (ffi"- 2 0(l)) (see 0). 

If detE C = (n — 1) then H.C — 2, thus we cannot apply the results in [Sj. 
The rest of the section deals with this case. 

First let us consider the projectivisation p : P{E) — > X with the relative 
0(1) bundle which we will denote by C. Note that since detE'C = (n — 1) for 
/ : P 1 — > C (ZX we have f*E = ® n - 1 0(l); thus P(f*E) =P 1 xP™- 2 . It was 
observed in [2] that in this situation, for any / 6 V and y e p~ 1 (f(0)), we have a 
unique lift-up / : P 1 — ► P(E) such that pof = /, deg(f*(C)) = 1 and /(0) = y. 
Namely the morphism / is obtained by simply composing P(f*E) — > P(E) 
with the product morphism P 1 — > P 1 x {y} C P 1 x P"" 2 . Moreover, for a 
generic / we have f*TP(E) = f*TX © 0®(«- 2 ). 

We can choose an irreducible V C i7om(P 1 , P(E)) which parameterizes 
these lift-ups, that is, via the natural morphism p* : Hom(P 1 ,P(E)) — > 
Hom(P 1 , X) defined by p*(f) = P° f, the component V dominates V. 

Proposition 1 (see Jjfl) The morphism p* : V — > V is proper and thus sur- 
jective; moreover V is an unsplit family. 

Proof. The proof in 2 is in fact characteristic free. 

The family V defines a relation of rational chain connectedness with re- 
spect to V, which we shall call rcV relation for short, in the following way: 
Xi, x-i £ P(E) are in the rct^ relation if there exists a chain of rational curves 
parameterized by morphisms from V which joins x\ and X2- We use the follow- 
ing result of Campana and Kollar-Miyaoka-Mori. 

Theorem 2 (see IV. 4-16). There exists an open subset P° C P(E) and a 

proper surjective morphisms with connected fibers if : P° — > Z° onto a normal 
variety, such that the fibers of ip are equivalence classes of rcV relation. We 
shall call the morphism (p an rcV fibration. 

Note that a general fiber of the fibration ip a , Y C P{E), is rationally chain 
connected with respect to the family V. In particular, as above by the Propo- 
sition IV.3.13.3 in QI], p(Y) = 1. 

By the surjectivity of p» : V — ► V and rational connectedness of X, the 
restriction map py : Y — > X is surjective. Since p(Y) = 1, it has no positive 
dimensional fiber, so it is a finite morphism. 

Y is projective variety of dimension n which is a locally complete intersection 
such that N y /p(e) = ®y ■ In particular we have that the canonical sheaf of Y 
is defined and it is actually Ky = (KprE))\Y- 



5 



Since £ (7 = 1 for any curve C from V n i?om(P 1 ,F) and since KptE) = 
p*Kx + p*(detE) — (n — 1)£, modulo numerical equivalence we have —Ky = 
-(K P(E) ) lY = (n + l)C. 

Let y £ Y be a general point and let C be a general curve in the family 
such that if / : P 1 — ► Y C P(E) is the normalization of C then y = /(0) for 
6 P 1 . 

= Hom(P 1 , P(-E), — > y) HV is contained in Y and it has dimension 
dimVy > —K-p( E yC = (to + 1). Therefore there exists an (n — l)-dimensional 
family of rational curves through y, corresponding to V y . 

Let 7r : Y — ► Y be the normalization of Y, C the pull back of C and V y 
the pull back of the family V y . This is again an (n — l)-dimensional family of 
rational curves through y € Y and it* C.C — 1 for any curve in the family 

Note that — K Y — iiy) + (conductor of 7r) where the conductor of 7r is 
an effective divisor which is zero iff 7r is an isomorphism. Thus 

-{Ky.^C) 11 - 1 ) > -(AVX"- 1 ) = (n + 1)£" = (n + l)(7r*£) n , 

the first inequality coming from the fact that the conductor is effective and by 
projection formula. 

These data fulfill the assumption of Lemma 8 in 8 which implies that Y = 
P™ and tt*£ = 0(1). 

But, since —K Y = — (n+ l)(ir*£) + (conductor of 7r), this implies that the 
conductor is zero and thus that Y = Y = P n and C = 0(\). 

To conclude we consider the finite morphism py '■ Y — P™ — > X; we claim 
that it is separable and thus that it is an isomorphism by Lazarsfeld theorem 
(see [HI, V.3.5). 

To prove this it is enough to see that there is a point y € Y for which no 
non zero vector in T y Y goes to zero via the differential {dpy) y . Let then x 6 X 
be a general point and let y = p Y 1 {x). 

We recall that we are dealing with an unsplit family V such that for every 
/ G V we have degf*H = 2, where H is the ample line bundle defined above. 
Thus we can apply the theorem 3.3 in JI5J which says that if a; is a general point 
of X , for any / £ V x its image is smooth at x. 

On the other hand, since Y = P™, for every 0^w6 T y Y we have a / £ V y 
with (d/)o(Jj) — v and also / = py o /. This implies easily our claim. 

3 Comments and remarks 

We want to make some comments on the above theorems. 

First of all we think that the assumption of smoothness of the map ip in 
the theorem ^ii) is probably redundant and the theorem should be valid under 
the weak assumption that tp is simply equidimensional and surjective into a 
normal variety. The problem is to show the smoothness of Y under these weaker 
hypothesis. 
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The last part of the proof of Theorem [21 is based on the proof, given in [2], 
of the following. 

Proposition 1 (see ^proposition (1.2)) (k = C) Let X be a smooth projective 
manifold, E a vector bundle of rank r on X and let V C Hom(P , X) be a 
closed irreducible component which is unsplit. Assume that X is rationally chain 
connected with respect to V and that for any f £ V we have f*E — ® r O{a). 
Then there exists a (uniquely defined) line bundle L over X such that f*L = 
0(a) and E = ® r L. 

Conjecture. The proposition ^ is true over any algebraic closed field k. 

By the proposition many results on adjunction theory of vector bundles 
would follow easily from the, usually known, case r — 1. As an example let us 
give the following generalization of Theorem[3J i) (it has been proved under the 
condition r < (n + 1) in |13j). 

Theorem 2 Let E be an ample vector bundle on X of rank r, let 

t(E) := win{t e R : K x + t(detE) is nef } 

be its nef value. Then r < with equality if and only if X = P" and 

E = ® r O{l). 

Proof. Let r be as in the theorem and let / : P 1 — ► C C X be a rational 
curve such that 

(K x +rdetE) C = 0, -K X C < {n + 1), detE C>r 

(it exists by the Mori cone theorem). 

These inequalities imply that r < ^±1, with equality if and only if —Kx'C = 
(n + 1) and detE C — r (at this point if k = C we could use the theorem in 
P| or in ^Uj) . The above proposition thus applies (with V a component of the 
Horn scheme which contains / : P 1 — > C) and it gives that E = © r L, for an 
ample line bundle L. Thus —Kx = (n + 1)L and the theorem follows from the 
theorem [21 

Similarly one can easily describe the pair (X, E) with E an ample vector 
bundle of rank r = n for which Kx + detE is (nef but) not ample (if k = C this 
was done in 
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